In this paper, we investigate the stability of the flat FLRW metric in f (T ) gravity. This is achieved by analysing the small perturbations, δ about the Hubble parameter and the matter energy density, δm. We find that δ ∝Ḣ/H and δm ∝ H. Since the Hubble parameter depends on the function f (T ), two models were considered (A) the power-law model f (T ) = α(−T ) n , and (B) the
I. INTRODUCTION
Amendments to Einstein's general theory of relativity (GR) have been under way almost from the inception of the model of gravity. With the discovery of the accelerating universe, the importance of dark energy and the cosmological constant as means to describe this phenomenon became one of the biggest unsolved problems in cosmology [1] [2] [3] [4] [5] . Furthermore, the introduction of the unknown mass density known as dark matter as a way to correct the rotation curves of galaxies is also a major problem. Alternative proposals without invoking unknown matter fields has been the context of modified and alternative theories of gravity. One example of this is the instance of f (R) gravity where the Ricci scalar, R, in the action Lagrangian is replaced by an arbitrary function of R (a detailed review on f (R) gravity is given in Ref. [6] and references therein).
GR describes gravity through the concept of spacetime curvature which is how gravity exhibits itself. Besides the curvature notion of gravity, there has been a lot of work involved in another formulation of gravity called teleparallel gravity [7, 8] . In this reformulated theory of gravity, curvature no longer describes gravity and is replaced by torsional quantities. This teleparallel formulation makes use of a different theoretical foundation, with the Ricci scalar being replaced by a torsion scalar T (not to be confused with the trace of the stress-energy tensor, T ), but the theory turns out to be equivalent to that of GR [called Teleparallel Equivalent of General Relativity (TEGR)], up to a boundary term difference [9] [10] [11] .
Although the theory is still general covariant, the model has some noticeable differences from that of GR. One such differences arises from the independent degrees of freedom; although the metric tensor has 10 independent degrees of freedom as in GR, the vierbeins, which construct the latter, have 16 independent degrees of freedom. These 6 extra degrees of freedom were found to be related to the inertial effects of the system. This in turn seemingly resulted in having the theory no longer local Lorentz invariant but it was then realised that the field equations were local Lorentz invariant [12] .
This alternative formulation of GR resulted in a modified theory, called f (T ) gravity, where the torsion scalar in the action is generalised to a general function of it. In this way, this theory becomes analogous to that of f (R) gravity, with the advantage that the theory was no longer fourth order but second order. However, the theory seemed to suffer from lack of local Lorentz invariance even in the field equations (see [13] and references therein). This resulted into a large investigation and a notion of choosing the right observer when studying the theory (the idea of what are called good tetrads and bad tetrads, see Ref. [14] ).
Recently however, it was discovered that f (T ) gravity can in fact be a general covariant theory (i.e. satisfied local Lorentz invariance). As Krššák and Saridakis argue in Ref. [15] , the problem in the original formulation where it was assumed that the spin connection (which contains information about inertial effects) to be vanishing in all frames. However, some tetrads ('bad' tetrads) did not have a vanishing spin connection resulting in the wrong set of field equations. In the work, the authors devise a method to be able to determine such spin connection and make the theory covariant. The good tetrads then become special cases of the theory, where such tetrads would give a vanishing spin connection.
Motivated by this, the theory of teleparallelism could in turn be a viable alternative theory of gravity. The study of this theory in cosmology has been studied in some recent works (see Ref. [13] and references therein). In this paper, we investigate one aspect of the theory, that of its stability in an expanding homogeneous and isotropic universe. The study of stability helps to constrain the possible allowed function of the theory (for example in f (R, G) Ref. [16] and f (R, T ) theory [17] respectively). Stability has also been studied in teleparallelism, within the topics of reconstruction, thermodynamics and stability [f (T ) gravity in Ref. [18] and f (T, T ) gravity in Ref. [19] ]. Furthermore, stability in scalar perturbations and coupled scalar fields can be found in Refs. [20, 21] .
In this paper, we are interested in the stability of the background evolution of the universe in a homogeneous and isotropic universe in f (T ) gravity. In particular, we derive the analytical solution for the evolution of the perturbation variables for general f (T ) functions, in contrast to what is found in Ref. [18] where the evolution function obtained are for the reconstruction models considered. Furthermore, various other models are able to mimic ΛCDM evolution (can be found in Ref. [22] ) but their stability analysis has not been carried out. As such, we investigate two such f (T ) models to study their stability.
The paper is divided as follows, a brief overview of f (T ) gravity is given in Sec. II, followed by the derivation of the perturbed Hubble parameter and energy density in Sec. III. Afterwards, the power-law and de-Sitter scale factor evolutions are analysed in Sec. IV. In Sec. V, the two models considered in this paper are analysed followed finally by a conclusion in Sec. VI.
II. AN OVERVIEW OF f (T ) GRAVITY

A. Connections, action and field equations
The theory of teleparallelism requires a new starting point from that of GR. Curvature in GR is obtained through the use of the Levi-Civita connection (which is torsion-free), and hence a new connection is needed for teleparallel gravity, one which is curvature-free. This is the Weitzenböck connection Γ α µν , which is defined as
where e a ρ and e a µ are referred to as vierbeins (or tetrads) along with their respective inverses, and ω a bµ is called the purely inertial spin connection which is related to the inertial effects of the system under consideration [8, 23] . The two indices refer to two coordinate systems; the Latin indices transform like an inertial spacetime coordinate, while the Greek indices transform like global coordinates. In this way, these vierbeins can be used to relate to the metric tensor g µν depending on the local position x on the spacetime manifold through
where η ab is the Minkowski metric tensor diag(1, −1, −1, −1). Thus, the vierbein links the local Minkowski metric to the global metric tensor. From this point onward, the explicit expression of a local position x will be suppressed for brevity's sake. The Riemann tensor (which quantifies curvature) is replaced with the torsion tensor (which quantifies torsion) and is defined to by
Using the torsion tensor, the superpotential tensor is defined by
where K µν a is the contorsion tensor defined as
Using Eq. (3) and (4) leads to the torsion scalar through
which defines the action for teleparallel gravity to be
where e = det e A µ = √ −g and L m is the matter Lagrangian. This becomes the action equivalent to GR (i.e. TEGR) which is general covariant. In the same way as the Ricci scalar in GR is generalised to some general function f (R), the TEGR action is generalised to a general torsion function f (T )
By varying the action with respect to the vierbein field, the following field equations are obtained [15] ( These field equations are general covariant and hence frame independent, removing the local Lorentz invariance issue originally present in the theory. In the proper tetrad formalism, the spin connection becomes zero and reduces to the field equations found in Refs. [20, 24] , where the pure tetrad formalism is used to derive the equations (where the spin connection is assumed to be zero a priori ). The proper tetrad formalism is still general covariant since it does not assume the spin connection to be zero a priori, and is just a special case of the covariant formulation of f (T ) gravity. As such, in the work which follows, the proper tetrad formalism is used and the spin connection is allowed to vanish.
B. Flat, isotropic and homogeneous universe in f (T ) gravity
As described in Sec. I, observational data suggests that the universe is generally flat, isotropic and homogeneous.
Hence, we are only interested in one particular metric, that being the spatially flat Friedmann-LemaitreRobertson-Walker (FLRW) metric
where a(t) is the scale factor in terms of cosmic time. For such a metric, a diagonal vierbein field of the form
is considered, which is a pure tetrad. In this case,
Using the field equations in Eq. (9), this gives rise to the two GR modified equations
where the tt-equation was used to simplify the spatial equation. Note that the spatial equation holds only if 1 + f T + 2T f T T = 0. In other words, this is valid provided f (T ) = −T + c 1 √ −T + c 2 , where c 1 and c 2 are integration constants. The square root term does not play a role in the equations and hence is neglected [this term gives the same expansion history as Dvali, Gabadadze and Porrati (DGP) gravity (see their paper Ref. [25] for more details) and thus only plays a role in higher dimensional theories [26] ). The remaining terms reduces the action to c 2 , which plays the role of a cosmological constant. This leads to a non-physical evolution and hence this case is neglected.
The modified Friedmann equations can be used to derive the continuity equatioṅ
which is essentially the same as GR. By defining an equation of state (EoS) parameter w for the matter component through the relation
the continuity equation can be solved to give
provided that w is constant in time.
By examining the modified Friedmann equations, one notes that the extra components arising from f (T ) gravity can be used to define an exotic fluid having energy density ρ exo and pressure p exo
. (18) which in turn can be used to define an effective equation of state parameter w exo to be
This can expressed in terms of f (T ) only by using the field equations Eqs.
(12) and (13) , and then in terms of the EoS parameter for matter Eq.
(15) to give
In this way, the Friedmann equations can be reduced into a more familiar form,
Using this reformulation of the field equations, a continuity equation for the exotic fluid similar to the matter content can also be derived, givinġ
Another key component in describing the evolution of the universe is the deceleration parameter which is defined to by
which for f (T ) gravity is expressed as
. (25) Evidence shows that the universe is expanding, it implies that q (t 0 ) < 0. This criterion is important when analysing the models in Secs. V and VI.
III. PERTURBATIONS OF THE FLAT FLRW METRIC IN f (T ) GRAVITY
In this section, we shall consider perturbations of the homogeneous and isotropic FLRW metric and study their evolution, which ultimately determines whether the cosmological solutions in f (T ) gravity are stable. The perturbations considered are of first order, and are described by
where δ and δ m represent isotropic deviation of the Hubble parameter and the matter overdensity respectively. Here, H(t) and ρ(t) represent the zero order quantities, and hence satisfy Eqs. (12) , (13) and (14) (in some references, these are sometimes denoted as H 0 (t) and ρ 0 (t), however such notation is avoided here to easily distinguish from quantities which are evaluated at present times).
The perturbation of the function f and its derivatives are
where δx represents the first-order perturbation of the variable x. Here, δT = 2T δ. In this way, the perturbed equations of Eqs. (12) and (14) become
The relationship between δ and δ m can be expressed in terms of T by using Eq. (12) in Eq. (28) to give
In this way, an expression for δ m can be found by substituting the previous relationship in Eq. (29)
which is a separable first-order ODE in δ m , whose solution is given by
(32) The integral can be solved analytically as follows. Using the continuity equation (14) for a perfect fluid and using the zeroth order ttcomponent of the Friedmann equations Eq. (12) with Eq. (13) giveṡ
Substituting in Eq. (32) yields
where k is a constant of integration, which can be determined by evaluating δ m at current times. This in turn gives k = δ m (t 0 ) /H 0 . Therefore, using Eq. (30), δ is found to be
Depending on the current value of δ m , the evolutions of both δ and δ m change. One further notes that w = −1 poses a singularity for δ. Furthermore, the solution of δ can be expressed in terms of its current value as
where
Stability is achieved as long as both δ m and δ decay with cosmic time. As an order approximation, this seems to be the case for both δ and δ m since δ ∼ δ m ∼ t −1 i.e. decays with time. Therefore we investigate various f (T ) functions to determine their stability and whether such claim holds.
IV. POWER-LAW AND DE-SITTER STABILITY
A. Power-law stability
Consider a power-law type evolution for the scale factor, i.e. a(t) ∝ t m where m is a constant. The Hubble parameter in this case becomes H(t) = m t and therefore T = −6 m 2 t 2 . Hence, the perturbation variables δ and δ m take the form
Given the inverse relationship with t, both perturbations die out for late times. However, since a specific form of a(t) is considered, only specific functions of f (T ) are allowed. Such classes of functions can be found using the tt-component of the Friedmann equations Eq. (12) . From the definition of T , one finds
On the other hand, a(t) can be expressed as
Substituting these two equations and Eq. (16) into Eq. (12) yields
where Ω w,0 is the current value of the density parameter of the fluid having EoS parameter w.
This is a first order differential equation in f (T ) which has two solutions depending on the nature of the power.
For the case when −1 + 3m(w + 1) = 0, the solution is given by
where c 1 is an integration constant. The exotic fluid's energy density is then given by
One notes that the effect of the square root term does not contribute neither to the Friedmann equations nor to the energy density. For this reason, this term is neglected by setting the integration constant to zero. The Lagrangian thus reduces to
In the case of GR, standard power-law solutions are obtained when the power of T equals 1, i.e. 
(44) where Eq. (38) was used. Since Ω w,0 is a constant in cosmic time, the inequality only holds for two different scenarios:
Case 1 if −2 + 3m(1 + w) = 0, then Ω w,0 ≤ 1. This is the rescaling of GR case (the Lagrangian is L grav = Ω w,0 T ).
Case 2 if −2 + 3m(1 + w) = 0, Ω w,0 = 0, which is non-physical.
Therefore, non-trivial power-law solutions (except for GR rescaling) are not possible when −1 + 3m(w + 1) = 0.
In this case, the solution for f (T ) is given by,
where c 1 is an integration constant. The exotic fluid's energy density is
Once again the effect of the square root term in both the field equation and energy density does not contribute, and therefore is neglected. This reduces the Lagrangian to
In this scenario, the action cannot reduce to GR so it is in a sense non-trivial. However, the solution can only be physical provided that the energy density is positive. This leads to the condition,
where again Eq. (38) was used. Since Ω w,0 is a constant in cosmic time, the inequality only holds if Ω w,0 = 0, which is non-physical. Therefore, power-law solutions can only be achieved under GR (or rescaling) and such solutions are stable, as expected.
B. de-Sitter stability
A de-Sitter universe is achieved when the Hubble parameter becomes constant, i.e. H(t) = H 0 , which leads to T = −6H 0 2 = T 0 . This induces an expansion history for a(t) of the form a(t) = e H0(t−t0) .
The perturbation variables δ and δ m reduce to
This shows that the solution is stable, being perfectly homogeneous but having a constant isotropic perturbation (which occurs also in ΛCDM models during late times). However, as in the previous section, since a specific form of a(t) is considered, only specific functions of f (T ) are allowed. The set of permissible functions can be found using the tt-component of the Friedmann equations Eq. (12), which yields
where Eq. (16) was used. However, the Friedmann equation poses a possible contradiction, the left hand side (LHS) is a constant in time whilst the right hand side (RHS) is time dependent. The only possible scenario at which this situation is avoided is if w = −1 (in other words, a cosmological constant type fluid must exist which is similar to GR where de-Sitter evolution is obtained when only the cosmological constant is present). In this special case, the Friedmann equation becomes
This can be treated as a first order ODE in T 0 , whose solution is given by
where c 1 is an integration constant. Similar to the power-law case, the square root term does not play a role neither in the Friedmann equations nor in the exotic fluid energy density, and hence is not included in the Lagrangian being considered. Therefore, the Lagrangian becomes
Such a Lagrangian is a rescaling of the standard TEGR Lagrangian, as obtained in the power-law case. This should not deviate much from TEGR, i.e Ω w,0 ≈ 1. Nonetheless, this is essentially GR (the only difference lies in the definition of the Newtonian gravitational constant) and not a true new non-trivial solution for de-Sitter cosmology. Note that in this case,the exotic fluid energy density is given by
which for w = −1 simply reduces to 2κ
. This is physical only when the energy density is positive, in other words when 1 − Ω w,0 ≥ 0 =⇒ Ω w,0 ≤ 1.
In this section, we consider the power-law ansatz model, originally proposed by Bengochea and Ferraro [27] , which is of the form f (T ) = α(−T ) n , where α and n are constants. Furthermore, for simplicity, we assume that the matter density is solely composed of matter (hence w = 0). Thus, Eq. (12) becomes
The value of α can be found by evaluating the expression at current times, to give
where Ω M,0 is the matter density today. Note that this do not hold for n = 1/2, as such power does not contribute to the Friedmann equation (see Eq. (56)). Using this value of α, the equation reduces further into
In this case, the energy density for the exotic fluid is expressed as,
Note that this directly implies that ρ exo ≥ 0 for every n and hence this function can lead to physical solutions. The exotic fluid's density is thus found to be
Using Eq. (20), the equation of state parameter, w exo , becomes
For n = 0, this reduces to the standard ΛCDM model (with w exo = −1 as expected). For n ≤ 0, the EoS parameter is negative at all times. This is also achieved for 0 < n < 1 (except for n = 1/2), which can be seen by using the ttFriedmann equation Eq. (12) to express w exo as
At current times, the EoS parameter is given by
According to recent PLANCK data, constant EoS dark energy parameter models (i.e. ΛCDM and wCDM) and linear evolution EoS dark energy parameter models [e.g. Chevallier-PolarskiLinder (CPL) [28, 29] ] indicate a current value of approximately −1 [30] [31] [32] [33] [34] . However, such models are not directly comparable with the model considered here since the evolution is fundamentally different. Nonetheless, since the models seem to indicate that at current times that the exotic fluid's EoS parameter is approximately −1, we shall focus on models which exhibit a similar feature. The true constraint on the power n however is attributed to the fact that the universe is observed to be accelerating today. This is achieved by the decelerating parameter, which for powerlaw models is given by
Since acceleration is observed at current times, one requires that q (t 0 ) < 0. In this model, the deceleration parameter at current times is given by
By assuming that Ω M,0 ≈ 0.3 leads to n < 0.75 or n > 2.18. Since we also require the exotic fluid's EoS parameter to be close to −1, this allows us to consider two power-law possibilities, being n = −1 (w exo ≈ −1.18) and n = −2 (w exo = −1.25).
In the following figures, we analyse some of the features for power-law cosmologies with n = 0 (i.e. ΛCDM), n = −1 and n = −2. The plots were carried out using Ω M,0 = 0.3 and H 0 = (14.4 Gyr) −1 . The solid curve represents ΛCDM, whilst the dotted and dashed curves represent n = −1 and n = −2 respectively.
We start by first analysing the evolution of the scale factor with cosmic time, shown in Fig. 1 . One notes that the n = −1 and n = −2 only differ from ΛCDM at late times, while the two do not differ by much from each other. Fig. 2 shows the variation of Ω T with cosmic time. The models vary greatly initially from ΛCDM simply because the ΛCDM model has a The evolution of the scale factor a(t) with cosmic time for the model f (T ) = α (−T ) n for n = 0, −1 and −2. For early and current times, the scale factor for each model is essentially identical. On the other hand, during late times, the n = −1 (dotted) and n = −2 (dashed) models start to deviate from the ΛCDM (solid) model. constant dark energy density and hence stays constant in time, whilst in this case the exotic fluid's energy density changes with time. However, it retains a common feature with ΛCDM in which at late times, the density parameter becomes constant [Ω T (t = t ∞ ) ≈ 0.85 for n = −1 and Ω T (t = t ∞ ) ≈ 0.90 for n = −2]. 
The evolution of the torsional density parameter ΩT (t) with cosmic time for the model f (T ) = α (−T ) n for n = 0, −1 and −2. In contrast to ΛCDM (solid) which sits at a constant value of 0.7, the n = −1 (dotted) and n = −2 (dashed) models initially start from a value of 0, increases until it reaches 0.7 at current times and keeps on increases until it reaches a limiting constant value at late times [ΩT (t = t∞) ≈ 0.85 for n = −1 and ΩT (t = t∞) ≈ 0.90 for n = −2].
Through the variation of Ω T , one can also analyse the behaviour of the total energy density parameter Ω Total ≡ Ω M + Ω T . This is described in Fig. 3 , in which one finds that the power-law models considered exhibit the same behaviour as ΛCDM, with the only major difference occurring during late times. Each model has a limiting value during late times, which occurs since the effect becomes irrelevant Ω M ∝ a(t) −3 and Ω T limits to a constant value (in the case of ΛCDM, this is equal to 0.7). For the power-law models considered, the limiting values are 0.85 and 0.90 for n = −1 and n = −2 respectively. One notes that all models exhibit a similar evolution behaviour in which it starts at very high values due to the matter density being dominant and the torsional component being irrelevant, reaches 1 at today's time and decreases to a constant value at late times given by the torsional density (since the matter density becomes irrelevant). The only difference between the theories lies in the late time values (for ΛCDM (solid) it is equal to 0.7 whilst for n = −1 (dotted) and n = −2 (dashed) are 0.85 and 0.90 respectively).
The variation of the EoS parameter w exo is shown in Fig. 4 . Again, since the exotic fluid's energy density is not constant this leads to a variation of the EoS parameter. One notes that the parameter varies from n − 1 initially and approaches −1 at late times, i.e. effectively becoming a cosmological constant in nature at late times. Furthermore, the plot infers that for such models, the exotic fluid is phantom in nature.
In Fig. 5 , one sees the variation of the deceleration parameter with time. One notes that each model follows a ΛCDM-like plot, with the transition to an accelerated expansion starting around the same period. Since each model reaches w exo → −1 at late times, the deceleration parameter q approaches −1 as well. The transition between non-accelerating and accelerating occurs at approximately the same time (t ≈ 8 Gyr).
Figs. 6 and 7 describe the evolution of the perturbations. For the perturbations of the Hubble parameter (Fig. 6) , the solutions indicate stability, and decay in the same way as ΛCDM models, and completely decay at late times. In In ΛCDM (solid), the EoS parameter is constant and equals to −1 (since this describes a cosmological constant). On the other hand, the n = −1 (dotted) and n = −2 (dashed) models describe a varying EoS parameter, starting at n − 1 at t = 0 and reaches −1 during late times. In other words, such models mimic the cosmological constant behaviour at late times. For all cases, the nature of the exotic fluid is phantom. What can be noticed however is that the rate of q(t) happens much more drastically for n = −1 (dotted) and n = −2 (dashed) compared to ΛCDM.
the case for matter perturbations, the models again exhibit a similar behaviour as ΛCDM in that they are stable and decaying with time until they reach a limiting value at late times. This means that the matter perturbations persist at late times in the same way as ΛCDM does with the only difference being the limiting values [for ΛCDM, δ(t)/δ (t 0 ) ≈ 0.850 whilst for n = −1 and n = −2, δ(t)/δ (t 0 ) ≈ 0.925]. 
The evolution of the ratio of the matter perturbation parameter δM(t) to its current value δM (t0) with cosmic time for the model f (T ) = α (−T ) n for n = 0, −1 and −2. One again finds that each model evolves in the same way as ΛCDM, in which each of them approach the same value of 1 at current times and decays to a constant value at late times. This value is the only major difference between the models [for ΛCDM (solid), δ(t)/δ (t0) ≈ 0.850 whilst for n = −1 (dotted) and n = −2 (dashed), δ(t)/δ (t0) ≈ 0.925]. Furthermore, each model is stable and indicate individually that the matter perturbations persist at late times.
In this section, we consider Linder's exponential gravity model for f (T ) which is of the form
, where α and p are constants with p = 0 (since p = 0 leads to f (T ) = 0, i.e. TEGR) [26] . Similar to the previous section, for simplicity, we again assume that
To set constraints on the parameter p, one requires that at current times q (t 0 ) < 0. Within this model, the deceleration parameter turns out to be given by
. (75) By again assuming that Ω M,0 ≈ 0.3 leads to p < −1.18 or p > 0.68. Since p > 0 have a negative EoS parameter for the exotic fluid, we opt for such models and consider two in particular, being p = 2 (w exo ≈ −0.80) and p = 5 (w exo ≈ −0.97).
In the following figures, we analyse some of the features for power-law cosmologies with ΛCDM, p = 2 and p = 5. The plots were carried out using Ω M,0 = 0.3 and H 0 = (14.4 Gyr) −1 . The solid curve represents ΛCDM, whilst the dotted and dashed curves represent p = 2 and p = 5 respectively.
We again start by examining the evolution of the scale factor a(t) for each model which is given in Fig. 8 . The models at early times are almost identical but start to deviate at late times, with the most notable deviation for the p = 2 model. Found the evolution of Ω T , we now look at the evolution of the total density parameter Ω Total ≡ Ω M + Ω T , which is shown in Fig. 10 . The two exponential models both mimic the ΛCDM model to a degree; initially, they have a high value since the matter density is much more dominant than the exotic fluid's density, then the total density approaches a constant value because the exotic fluid's density becomes constant and the matter density becomes irrelevant (much smaller than the exotic fluid's density). What differs from the models is the limiting values, which are as follows: the p = 2 model gives Ω Total (t = t ∞ ) ≈ 0.50 whilst for the p = 5 model, Ω Total (t = t ∞ ) ≈ 0.65; the ΛCDM model gives Ω Total (t = t ∞ ) ≈ 0.70. Fig . 11 shows the variation of w exo with cosmic time. One notes that initially and during late times, the models start and end with w exo = −1 which mimics the ΛCDM value. However between these times, the EoS parameter describes the exotic fluid to behave as a non-phantom fluid with a maximum peak just before current time t 0 ≈ 14 Gyr (for the p = 2 model, the maximum occurs at t ≈ 11 Gyr having value w max exo ≈ −0.79 whilst for the p = 5 model, this is achieved at t ≈ 13 Gyr having value w max exo ≈ −0.97). The evolution of the deceleration parameter is shown in Fig. 12 . One notes that the models have similar initial and late time behaviour, i.e. q(0) = 0.5 and q (t = t ∞ ) = −1.0 being the same as ΛCDM. Furthermore, the overall behaviour is also similar to ΛCDM, with the major difference being that the various values of q(t) occur at different times. Moreover, the transition between non-accelerating and accelerating happens at approximately the same time (t ≈ 8 Gyr). 
VI. CONCLUSION
In this paper, we investigated the stability of f (T ) gravity. The perturbed field equations have been derived and solved analytically to give Eqs. (34) and (36). Both solutions are dependent on the Hubble parameter, which ultimately determines whether such solutions are stable. This was analysed under power-law and de-Sitter evolutions, as well as under two separate f (T ) models.
For power-law and de-Sitter evolutions, the perturbations are stable. For the Hubble perturbation, it is either decaying to zero at late times (power-law) or being identically zero (de-Sitter). On the other hand, the matter perturbation either decays to zero at late times (power-law) or is constant (de-Sitter) meaning that such perturbations persist. Although such solutions are stable, a problem arises due to tt-Friedmann equation Eq. (12) since this restricts the possible functions of f (T ) where power-law and de-Sitter evolution can be considered. In fact, we have shown that the only functions which allow these types of evolutions are TEGR and rescaled TEGR. Nonetheless, since the universe is composed of a mix of fluids and hence the history of the universe is not described by either a power-law or exponential at all times (these serve as a good approximation at certain eras), we instead have set our focus on non-trivial f (T ) functions which mimic ΛCDM, which is a much more accurate description of the history of the universe. The first model considered in this paper is the power-law model. By examining the exotic fluid's EoS parameter and deceleration parameter at current times, it was concluded that two possible non-trivial models can be obtained, n = −1 and n = −2. Such models were found to be stable, and mimic the behaviour of ΛCDM. The Hubble perturbation decays with cosmic time and approaches zero at late times in the same as ΛCDM does. On the other hand, the matter perturbation also decays with time but tends to a limiting value at late times, again as ΛCDM does, meaning that such perturbations persist at late times. However, both n = −1 and n = −2 models differ significantly from the limiting ΛCDM value [for ΛCDM, δ(t)/δ (t 0 ) ≈ 0.850 whilst for n = −1 and n = −2, δ(t)/δ (t 0 ) ≈ 0.925].
The exponential model is the second model considered in this paper. In this case, two possible models which agree with data are considered, p = 2 and p = 5. The models are found to be stable and exhibit the same behaviour as ΛCDM. For the Hubble perturbation, each model decays to zero at late times whilst matter perturbations decay to a constant value at late times, and hence such perturbations persist. The p = 2 model deviates the most compared to ΛCDM for each parameter considered whilst the p = 5 was the closest to mimic the latters behaviour.
All in all, the p = 5 exponential model provided the closest behaviour to ΛCDM when all models are considered comparatively. Nonetheless, other f (T ) functions which may provide a better explanation and agree to the observables of the universe which are not considered in this paper exist. As long as such functions are able to give stable solutions, it helps constrain the theory's parameters. At the same time, it helps in restricting the number of possible functions which f (T ) theory permits, ultimately contributing in defining a proper Lagrangian for describing gravity.
